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Elastic constants of uniaxial nematic liquid crystals of

non-cylindrically symmetric molecules

by T. K. LAHIRI, K. RAJESH and S. SINGH*

Department of Physics, Banaras Hindu University, Varanasi-221005, India

(Received 1 July 1996; in ® nal form 18 December 1996; accepted 20 December 1996 )

We study in detail the in¯ uence of deviations from the molecular cylindrical symmetry on
the fundamental elastic properties of uniaxial nematic liquid crystals. Results for the elastic
constants are obtained for a range of molecular length± width ratio, temperature, density and
molecular parameters. We compare calculated values with the experimental data of 8 OCB.
It is observed that the e� ect of non-cylindrical molecular symmetry on the values of elastic
constants of uniaxial of a nematic phase is small.

The present investigation concerns the analysis of the view to date of the developments in the area of elasto-
in¯ uence of deviations from the molecular cylindrical statics of liquid crystals has been presented previously
symmetry on the elastostatics of uniaxial nematic liquid by one of us [5].
crystals. The elastic constants are written as a sum of The introduction of biaxiality in the molecular shape
two parts: the ® rst part represents the contribution to and/or the intermolecular interaction has been found
elastic constants due to molecular axial symmetry, [6, 7] to have a pronounced e� ect on the uniaxial
whereas the second is the contribution arising from non- nematic± isotropic transition; both the order parameters
cylindrical molecular symmetry. We observe that the and the ® rst order character of the uniaxial nematic±
contribution due to the breaking of axial molecular isotropic transition are greatly reduced from that of
symmetry is small. the comparable uniaxial bodies. We analyse here

Using density functional formalism [1], and in a the contribution to the elastic constants of uniaxial
previous paper [2; hereafter referred to as I and SSR nematics arising due to non-cylindrical molecular
theory] of this series we developed a uni® ed molecular symmetry.
theory to derive an expression for the distortion free- The elasticity is concerned with the behaviour of the
energy of ordered phases of molecular systems in terms Helmholtz free-energy with respect to a small deforma-
of the order parameter characterizing the structure of tion of the system away from its equilibrium state. On
the phase and the molecular correlation functions of an the basis of symmetry arguments, the elastic continuum
e� ective isotropic liquid. The application of SSR theory theory [8, 9] ( long-wavelength deformation) shows that
was considered [2, 3] with respect to the elastostatics the distortion free-energy density of a uniaxial nematic
of uniaxial nematic, smectic A and biaxial orthorhombic phase is composed of three invariants K1 , K2 and K3

nematic mesophases. The in¯ uence of molecular inter- which are known as the Frank elastic constants and are
actions on the elastic constants of uniaxial mesophases associated, respectively, with the splay, twist and bend
were studied. Recently, we have evaluated [4] the relat- modes of distortion. The distortion free-energy can be
ive contributions of HER (hard ellipsoids of revolution), written as
electrostatics and dispersion interactions on the splay,
twist and bend elastic constants of the uniaxial nematic

DAe=
1

2 P dr[K1 (V n)2+K2 (n VÖ n)2phase of molecules of cylindrical symmetry for a range
of molecular length± width ratio, temperature, density

+K3 (n Ö VÖ n)2] (1)and molecular parameters, and the results have been
found to be in good agreement with the experimental

where n (r) is the director at the point r and the subscript eand computer simulation values. A summarising over-
stands for the distortion.

The expression obtained in SSR theory [2] for the
distortion free-energy density of molecular ordered
phases in the limit of long-wavelength distortion is*Author for correspondence.
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written as
bK

(n1n2)
3 ( l1 , l2) =Õ

4p

3(5)1/2 r
2
n �

n1,n2

( 2l2+1 ) Õ 1/2
D

l*1
on1 D

l*2
on2

1

V
bDAe[r]

Ö G1

2
( 5 )

1/2
b l2,0Cg ( l1 l20, 000 ) J

n1n2
l1l20

=Õ
1

2
r

2
o �

l1,l2l
�

m1,m2,m,m¾
�

n1,n2

�
G +b l2,0 Cg ( l1 l2 2, 000 ) J

n1n2
l1l22

Ö [( 2l1+1 ) ( 2l2+ 1 )] Õ 1
Cg( l1 l2 l, m1 mm ¾ )Q l1m1n1 (G )

Õ ( 6 )
1/2

b l2,1 Cg( l1 l22, 011 ) J
n1n2
l1l22H. (6 )

Ö Q l2m2n2 (Õ G ) P dr12 [exp (iGe r12 ) D
l2
mm2 (Dx(r12 ))

Here the structural parameter J
n1n2
l1l2l is de® ned as

Õ exp (iG r12 )]Y *
lm ¾ (rÃ 12 )C( l1 l2 l; n1 n2 ; r12 ) , (2 )

J
n1n2
l1l2l = P r

4
12 dr12 C( l1 l2 l, n1n2 , r12 ) , (7 )

where ro is the mean number density of the system and
rÃ 12 = r12 /|r12 | is a unit vector along the intermolecular rn is the nematic density and D

l*
on are the orientational

axis. D
l
mn(Dx) are the generalized spherical harmonics, order parameters and

G the reciprocal lattice vectors of the crystalline structure
that might be present in the ordered phase, Q lmn(G ) are

b l2,0=Õ
1

2
l2 ( l2+1 )C 2l2+1

4p D1/2

,
the order parameters and Cg the Clebsch± Gordon
coe� cients. Dx(r12 ) represents the angle between the
principal directors at r1 and r2 and C( l1 l2 l; n1 n2 ; r12 ) are b l2,1=Õ bl2,1=Õ

1

2
l2 ( l2+1 )C ( 2l2+1 ) ( l2 Õ 1 )!

4p( l2+1 )! D1/2

the harmonic expansion coe� cients of the direct pair
correlation function of an isotropic liquid in terms of

andgeneralized spherical harmonics.
Assuming uniaxial symmetry for the nematic phase bl2,2=b l2,2

(m1=m2=0 ) and that the symmetry plane is perpendic-
ular to the director ( l1 and l2 even) we write the Frank =

1

4
( l2 Õ 1 ) l2( l2+1 ) ( l2+2 )C ( 2l2+1 ) ( l2 Õ 2 ) !

4p ( l2+2 ) ! D1/2

.
elastic constants as an expansion series:

In the limit n1=n2=0 (i.e. the molecules with cylindricalbK i= �
l1,l2

bK
(n1n2)
i ( l1 , l2 ) , (3 )

symmetry) the above relations reduce to the expressions
given elsewhere [2, 4] and correspond to the case of a

where for the uniaxial nematic phase composed of uniaxial nematic of axial molecules. Using the symmetry
molecules having non-cylindrical symmetry we obtain properties of spherical harmonics [10, 11] and the values

of the Cg coe� cients we obtain the explicit results for
bK

(n1n2)
i ( l1 , l2) for 2 l1 , l2 8 and 0 n1 , n2 2. In thebK

(n1n2)
1 ( l1 , l2 ) =Õ

4p

3(5)1/2 r
2
n �

n1,n2

( 2l2+1 ) Õ 1/2
D

l*1
on1 D

l*2
on2

calculation we take the ® rst two terms of the series (3).
For the calculation of the values of the order para-

Ö G1

2
( 5 )

1/2
b l2,0 Cg( l1 l2 0, 000 ) J

n1n2
l1l20 meters PÂ 2 , PÂ 4 , D

2*
02 , D

4*
02 , the structural parameters J

00
l1l1l

and J
02
220 , J

02
222 , J

22
220 , J

22
222 , J

20
242 , J

02
242 , J

22
242 , etc. of an

e� ective ¯ uid and the information about the constituent
Õ

1

2
b l2,0 Cg( l1 l22, 000 ) J

n1n2
l1l22 molecules, (for example, the quadrupole moment, geo-

metry of the repulsive core, length± width ratio, etc.) are
+ ( 6 )

1/2
bl2,1 Cg ( l1 l2 2, 011 ) J

n1n2
l1l22 required as input parameters. While reasonably accurate

values of PÂ 2 are available for a number of systems over
+A3

2B1/2

bl2,2Cg ( l1 l2 2, 022 ) J
n1n2
l1l22 H, (4 ) a range of temperature from experiments, very little

information is available about the order parameters PÂ 4 ,

D
2*

02 and D
4*

02 . The order parameters PÂ 2 and PÂ 4 measure
bK

(n1n2)
2 ( l1 , l2 ) =Õ

4p

6(5)1/2 r
2
n �

n1,n2

( 2l2+1 ) Õ 1/2
D

l*1
on1 D

l*2
on2 the alignment of molecular ez axis along the space-® xed

Z axis (or the director). The order parameters D
2*

02 and
D

4*
02 measure the di� erence in the alignment of theÖ {(5 )

1/2
b l2,0 Cg( l1 l2 0, 000 ) J

n1n2
l1l20

molecular ex and ey axes along the director. In the case
Õ bl2,0Cg ( l1 l22, 000 ) J

n1n2
l1l22 of axially symmetric molecules the molecular axes ex

and ey are indistinguishable and both D
2*

02 and D
4*

02+ ( 6 )
1/2

bl2,2Cg ( l1 l2 2, 022 ) J
n1n2
l1l22}, (5 )
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577N L Cs of non-cylindrically symmetric molecules

vanish. For obtaining values of structural parameters Adopting a similar method as described in SSR theory
and [4] we calculate the structural parameters J

00
l1l2l for(equation (7)) one requires the values of the C-harmonics

which can be found by solving the OZ equation using the HER, dispersion and quadrupole interactions for
x =4 and rn=1 1́ g cm Õ 3. Using these values of J

00
l1l2l wethe PY closure equation. We evaluated [4, 12] these

harmonics for a system of axial molecules interacting evaluate the elastic constants K
00
i (i=1, 2, 3 ) correspond-

ing to the axial symmetry of molecules as a function ofvia HER, quadrupolar and dispersion interactions. Such
calculations for a system composed of non-axial molec- temperature ranging from 340 4́ K to 352 K. For evaluat-

ing the contribution to K i due to the non-axial symmetryules are very complicated and may need enormous
computational e� orts to generate reliable data for C- of the molecules, the values of the structural parameters

J
02
220 , J

02
222 , J

22
220 , J

22
222 , J

02
242 , J

20
242 , J

22
242 , etc., are required.harmonics. Therefore, instead of evaluating J

n1n2
l1l2l by

solving the OZ equation we prefer to estimate their We adopt the indirect method to estimate these para-
meters. The experimental values of the splay elasticvalues via an indirect method.

We performed a model calculation based on the constants K1 as a function of temperature are used to
approximate J

n1n2
l1l2l . The contribution K

00
1 correspondingexperimental data of 8OCB (4 ¾ -n-octyloxy-4-cyano-

biphenyl ). Madhusudana and Pratibha [13] have meas- to axial molecules is calculated at eight temperatures
between 352 K and 340 4́ K. The structural parameters,ured the elastic constants K1 , K2 and K3 and the order

parameter PÂ 2 of 8OCB in the nematic phase as a function as listed above, are estimated by solving a set of equa-
tions, one corresponding to each temperature, so thatof temperature. We estimated the other order parameters

such as PÂ 4 PÂ
3
2 and D

4*
02 =D

2*2

02 . For the molecular the calculated values of K1 (=K
00
1 +K

n1n2
1 ) are in agree-

ment with the experimental values. Using the values ofparameters of 8OCB we use the following data in the
calculation: x =4´0, rn =1´1 g cm Õ 3, do =5 5́ AÊ ,eo /k= J

n1n2
l1l2l as estimated from this indirect procedure we calcu-

late the contributions due to non-axial molecular sym-650 K and h=Õ 40 Ö 10 Õ 26 esu cm2. Here x (=a/b, 2a

and 2b denote, respectively, the length of the major and metry, to the twist and bend elastic constants. It is
observed that the contributions of the non-axial termminor axes of the ellipsoids) is the length-to-width ratio

of the ellipsoid, h the quadrupole moment, eo a constant are small, of the order of 10 to 15 per cent, as compared
to the contributions of the axial term.with unit of energy and do the molecular diameter.

Figure 1. Variation of splay, twist
and bend elastic constants of
8OCB. The broken and full
lines represent, respectively, the
experimental and calculated
values.
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